P odd anapole moment of the deuteron is found in the chiral limit, m π → 0. Being combined with usual radiative corrections to the weak electron -deuteron interaction, our calculation results in a sufficiently accurate theoretical prediction for the corresponding effective constant C 2d . The experimental measurement of this constant would give valuable information on the P odd πNN constant and on the s-quark content of nucleons. We calculate also in the same limit m π → 0 the deuteron P odd and T odd multipoles: electric dipole moment, magnetic quadrupole moment, and so-called Schiff moment.
Introduction
The investigations of nuclear parity violation, both theoretical and experimental, have already a long history. New light on this problem is shed by observation of the nuclear anapole moment (AM) of 133 Cs in atomic experiment [1] . The result of this experiment is in a reasonable quantitative agreement with the theoretical predictions, starting with [2, 3] , if the so-called "best values" [4] are chosen for the parameters of P odd nuclear forces.
The AM is a rather peculiar multipole in the following sense (for a more detailed discussion see, for instance, [5] ). The interaction of a charged probe particle with an anapole moment is of a contact nature. Therefore, for instance, the interaction of the electron with the nucleon AM, being on the order of αG, cannot be distinguished in general case from other electromagnetic radiative corrections to the weak electron-nucleon interaction due to the neutral currents. And in a gauge theory of electroweak interactions only the total scattering amplitude, i.e., the sum of all diagrams on the order of αG, is gauge-invariant, independent of the gauge choice for the Green's functions of heavy vector bosons (here α is the fine-structure constant, G is the Fermi weak interaction constant). No wonder that, generally speaking, the AM of an elementary particle or a nucleus is not gauge-invariant, i.e., physically well-defined, quantity. However, there is a special case where the anapole moment has a real independent physical meaning. In heavy nuclei, of course 133 Cs included, the AM is enhanced ∼ A 2/3 [3] (A is the atomic number), as distinct from common radiative corrections. By the way, it means that there is an intrinsic limit for the relative accuracy, ∼ A −2/3 , with which the AM of a heavy nucleus can be defined at all. For 133 Cs this limiting accuracy is about 4%.
There is one more object, the deuteron, whose anapole moment could make sense for a sufficiently large P odd πNN constant [2] . The deuteron is a loosely bound system of a relatively simple structure. Therefore, there are all the reasons to believe that its AM is induced mainly by the P odd π-meson exchange, pion being the lightest possible mediator of the nucleonnucleon weak interaction. The problem of the deuteron AM was discussed in [2, [6] [7] [8] . In the present work the deuteron AM is explicitly expressed in the chiral limit, m π → 0, through the P odd πNN coupling constant. In the same limit the problem was considered in recent paper [9] . Our present result is about 3 times larger than theirs. The reasons of the disagreement are indicated below.
Being combined with the radiative corrections to the weak electrondeuteron scattering amplitude [10] , our calculations result in a sufficiently accurate value for the corresponding effective constant C 2d .
We also calculate here in the chiral limit the P odd and T odd electromagnetic moments of the deuteron.
The deuteron anapole moment
It is convenient to start the discussion with the nucleon AM in the chiral limit. It was shown in 1980 by A.I. Vainshtein and one of the authors (I.Kh.) to be given in this limit by the diagrams 1 and 2. The circle on the nucleon lines refers to the usual strong interaction πNN vertex (coupling constant g √ 2), the cross describes the P odd weak πNN interaction (coupling constantḡ √ 2). The result for the nucleon AM is a N = a p = a n = − egḡ
The diagrams discussed lead to the same result for a proton and neutron since under the permutation p ↔ n the strong coupling constant g does not change, and the weak oneḡ changes sign together with the charge e of the πmeson (we assume e > 0, exact definitions of the strong and weak interaction Lagrangians and coupling constants g andḡ are given below). Being the only contribution to the nucleon AM, which is singular in m π , the result (1) is gauge-invariant. In this respect, it has a physical meaning. Unfortunately, in spite of the singularity in m π , the corresponding contribution to the electron-nucleon scattering amplitude is small numerically as compared to other radiative corrections to the weak scattering amplitude. Indeed, the radiative corrections to the effective constants C 2p,n of the proton and neutron axial neutral-current operators G/ √ 2 C 2p,n σ p,n are [10] C r 2p = −0.032 ± 0.030 , C r 2n = 0.018 ± 0.030 .
In the same units G/ √ 2, the effective axial constants induced by the electromagnetic interaction with the proton and neutron anapole moments (1), is C a p,n = − αa N (|e|G/ √ 2) −1 = 0.07 × 10 5ḡ .
At the "best value"ḡ = 3.3 × 10 −7 (strongly supported by the experimental result for the 133 Cs anapole moment) we obtain C a p,n = 0.002.
With this value being much less than both central points and error bars in (2) , the notion of the nucleon AM practically has no physical meaning. This is why the result (1) was never published by the authors. It is quoted in book [5] (without the logarithmic term) just as a theoretical curiosity. The logarithmic term in the nucleon AM is discussed in [11] . The result of the recent calculation [9] of the deuteron AM a d is very close to a p +a n , without the logarithmic term. The nuclear correction to this naïve sum constitutes, according to [9] , about 20% only. However, there are large nuclear contributions to a d certainly missed in [9] . It is quite possible (and this will be shown below to be the case) that including these contributions makes a d sufficiently large quantitatively, and thus a d becomes meaningful.
Let us go over now to the problem itself. Obviously, in the chiral limit m π → 0 we can restrict to the weak interaction mediated by the π-meson. The Lagrangians of the strong πNN interaction and of the weak P odd one, L s and L w , respectively, are well-known:
Our convention for γ 5 is
the relation between our P odd πNN constantḡ and the common one h
πN N . The effective nonrelativistic Hamiltonian of the P odd nucleon-nucleon interaction due to the pion exchange (see Figs. 3, 4) is in the momentum representation
Here
. Let us note that the P odd interaction (7) which interchanges the proton and neutron, when applied to the initial state a †
On the other hand, the coordinate wave function of the admixed 3 P 1 state is proportional to the relative coordinate r, which we define as r p − r n . Therefore, it also changes sign under the permutation p ↔ n. Thus, for the deuteron the P odd potential can be written in the coordinate representation as a simple function of r = r p − r n without any indication of the isotopic variables:
The above expressions are rather standard. As standard is our sign convention for the coupling constants: g = 13.45, andḡ > 0 for the range of values discussed in [4] . We start the calculation with the simplest naïve zero-range approximation (ZRA) for the deuteron wave function:
Here κ = √ m p ε; ε = 2.23 MeV is the deuteron binding energy.
In fact, the range 1/m π of the P odd interaction (8) is quite comparable to the range of the usual nuclear forces. Therefore, it is, strictly speaking, inconsistent to use the zero-range approximation for calculating effects induced by the perturbation V (r). Still, we start with this approach, which results in simple analytical expressions for the results, and then will go over to a calculation with a somewhat more realistic wave function.
The P odd correction to the deuteron wave function due to V (r) will be found in the common stationary perturbation theory. Being P odd, V (r) admixes to the deuteron bound state 3 S 1 wave function (we neglect here and below a small 3 D 1 admixture in it), the 3 P 1 states of the continuous spectrum. In the ZRA the wave functions with a nonvanishing orbital angular momenta are free. Moreover, we can choose plane waves as the intermediate states since the perturbation V (r) selects by itself the P -state from the plane wave. Thus obtained first-order correction to the wave function is
The integration over k transforms this expression to
The values of r ′ are effectively bounded here by 1/m π . Since the ratio ξ = κ/m π is relatively small, ξ = 0.32, the kernel exp (−κ|r − r ′ |)/|r − r ′ | can be expanded in r ′ . Then, first nonvanishing term of the expansion results in the following expression for the P odd correction to the deuteron wave function:
Strictly speaking, after retaining only first order in the expansion of the kernel exp (−κ|r − r ′ |)/|r − r ′ | in r ′ , we should put (1 + ξ/2)/(1 + ξ) 2 = 1 in (12) .
Still, we retain this dependence on ξ since the contribution to the integral of higher odd terms in the expansion is strongly suppressed numerically. The phenomenological expression for the deuteron wave function in the ZRA with the account for P odd (but T even) corrections,
was obtained long ago [12] . The constant c + here is related to the P odd interaction which changes the isotopic spin T of the system, but conserves its ordinary spin S. Our formula (12) gives the explicit result for this constant in the chiral limit:
As to the constant c − which refers, on the contrary, to T conservation and change of S, it is not mediated by the pion exchange, and therefore vanishes in the chiral limit. The expression for the deuteron AM in terms of the phenomenological parameters c ± can be easily obtained through the master formula [2]
where j is the current density. The result [2] (see also [6] [7] [8] ),
is dominated by the contributions of the spin currents proportional to the proton and neutron magnetic moments, µ p = 2.79 and µ n = −1.91, respectively. As to the contribution of the proton convection current, it enters with a relatively small numerical factor −1/3. One more contribution to the deuteron AM, due to the proton contact current, was neglected in (16) since it is beyond the ZRA. We will see however that it is quite comparable numerically to that of the convection current. To obtain the expression for the contact current, we have to consider the P odd interaction V in the presence of the electromagnetic field. Its including modifies the proton momentum: p → p − eA, which results in the shift q → q + eA in the interaction (7) . Then in the momentum representation the contact current is
In the last expression we have neglected the dependence of the contact current on A. Taking into account the spherical symmetry of the deuteron wave function, one can easily go over now into the coordinate representation:
So, the contact current contribution to the deuteron AM as obtained with formula (15) is
At last, combining formulae (14), (16) , and (19), we arrive at the following result for the deuteron AM
Perhaps, the main source of the error of this result is as follows. The true deuteron wave function, as distinct from the ZRA wave function (9), does not increase for r → 0, but tends to a constant value. Therefore, using (9) for distances r ∼ 1/m π , which are essential for the problem, we have overestimated the value of the deuteron AM. To improve our approximation, we recall the model-independent expression for the deuteron wave function at large distances (see, for instance, [13] ):
The correction (1 − κr 0 ) −1/2 here accounts for the finite effective interaction radius r 0 = 1.76 fm. In fact, this enhancement of the normalization factor at large distances compensates for the finite value of the real wave function at small distances (as distinct from ZRA wave function (9)). We will use now for the deuteron wave function the following approximation:
The parameter r 1 is chosen in such a way that the function ψ 0 (r) is normalized correctly: dr|ψ 0 (r)| 2 = 1. Its value is r 1 = 1.35 fm. Now, proceeding in the same way as previously, we arrive at the following expression for the deuteron wave function including the P odd admixture:
The functions ψ 0 (r) and ψ (0) 0 (r) are given by expressions (22) and (9), respectively. Their overlap integral is drψ 0 (r)ψ (0) 0 (r) = 0.94. The contribution to the deuteron AM calculated with the wave function (23) is
The contribution of the contact current (18) to the deuteron AM, as calculated with the wave function (22), is
Let us note here that, though the contact current contribution to the deuteron AM vanishes in the limit ξ = κ/m π → 0, and the convection current contribution does not, they are very close numerically, 0.19 and 0.18, respectively, in the units of egḡ/(6m p m π ).
Thus, the deuteron AM induced by the P odd potential (8) is
The stability of the potential contribution to the deuteron AM under the transition from the ZRA wave function (9) to more realistic one (22) (compare (20) with (26)), allows us to estimate the accuracy of the result (26) as 20%, of course, for givenḡ. It looks reasonable to combine the potential contribution (26) with the additive contribution of the nucleon anapole moments, which according to (1) is
In this way we arrive at the final result for the deuteron AM in the chiral limit:
This result includes all contributions to the P odd amplitude of ed-scattering, which are singular in m π , and thus is gauge-invariant, independent of the gauge choice for the Green's functions of heavy vector bosons. Before discussing its physical implications, let us compare our result with that obtained in [9] , which is in our notations
The leading term, 1, in the square brackets in (29) corresponds to the additive contribution of the nucleon AMs and coincides with our formula (27) if the logarithmic term in it is omitted. The main discrepancy between complete results is due to the neglect in (29) of the nucleon anomalous magnetic moments ("minimal coupling to the electromagnetic field" is explicitly mentioned in [9] in the caption to Fig. 1) . Meanwhile, the contribution of the anomalous magnetic moments gives, according to our formula (28), 3/4 of the whole effect. Moreover, we cannot understand the analytical structure of the "binding" term 1 + 3ξ + 12ξ 2 6(1 + 2ξ) 2 (30) in (29). Our corresponding analytical expression, as obtained from formula (20) after substituting 1 for µ p − µ n , would be
The corresponding numerical values, 0.20 of (30) and 0.31 of (31), also differ essentially.
Finally, let us compare the contribution of (28) to the P odd ed scattering amplitude with the contribution to it of the usual radiative corrections, which are nonsingular in m π . For the deuteron the axial operator looks as follows:
The isoscalar axial constant C 2d differs from zero only due to the AM, to usual radiative corrections, and to the admixture of strange quarks in nucleons [14] . The magnitude of the s-quarks contribution is extremely interesting, but highly uncertain. As to the radiative corrections, their contribution to this constant is found in [10] with good accuracy:
In the same units G/ √ 2 the effective axial constant induced by the electromagnetic interaction with the deuteron AM (28) is
At the "best value"ḡ = 3.3 × 10 −7 (strongly supported by the experimental result for the 133 Cs anapole moment) we obtain C a 2d = 0.015 ± 0.003.
We use here the same as above estimate of 20% for the accuracy of our calculation (for givenḡ). The numbers in (32) and (34) are quite comparable, and taken together result in the following value of the total effective constant:
We are fully aware of the extreme difficulty of the experimental measurement of the constant C 2d . However, with such a good accuracy of the theoretical prediction (35), this experiment becomes a source of the valuable information on the P odd πNN constant and on the s-quark content of nucleons. As it was 15 years ago, now again "C 2d seems to be the most interesting parity-violating parameter accessible to atomic-physics experiments" [10] , although by rather different reasons.
Of course, if necessary the accuracy of our prediction (34) can be improved by using a more detailed and realistic description of the deuteron. On the other hand, the accuracy of radiative corrections (32) can be also improved, at least by using much more precise modern experimental values of the parameters of the electroweak theory.
The deuteron P odd, T odd moments
The same approach can be applied to calculating the deuteron P odd, T odd multipoles: electric dipole, magnetic quadrupole and the so-called Schiff moment. However, as distinct from the P odd, T even case, there are three independent P odd, T odd effective πNN Lagrangians. They are conveniently classified by their isotopic properties:
|∆T | = 1. L 1 = g 1N N π 0 = g 1 ( pp + nn ) π 0 ); (37)
Since the possible values of the isotopic spin for two nucleons is T = 0, 1 only, the last interaction, with |∆T | = 2, is not operative in our approach. The effective P odd, T odd proton -neutron interaction is derived in the same way as in the AM problem. In the momentum representation it looks as follows:
In the coordinate representation it is
With this operator and ground-state wave function (22), we arrive at the following expression for the deuteron wave function perturbed by the P odd, T odd ineraction:
A phenomenological expression for the ZRA deuteron wave function with the account for P odd, T odd admixture was used previously in [15] . Here we have somewhat improved its accuracy and have found the values of its respective coefficients in the chiral limit. The calculation of the deuteron EDM d d , i.e., of the er p = er/2 expectation value, with this wave function is straightforward:
In the naïve ZRA, with ψ 0 (r) = ψ (0) 0 (r) and ξ → 0, this result coincides with that of [15] .
The magnetic quadrupole moment (MQM) operator is expressed through the current density j as follows (see, for instance, [5, 16] ):
This expression transforms to
Here µ is the total magnetic moment of the particle, q is its charge in the units of e. The magnetic quadrupole moment is the expectation value M of the operator M zz in the state with the maximum total angular momentum projection I z = I. In our case, due to the spherical symmetry of the deuteron nonperturbed wave function, the orbital contribution to M mn vanishes. By the same reason, the contact current generated by the perturbation (39) does not contribute to MQM. The contribution of the spin term in (44) is
We have corrected here a misprint in the corresponding result in [15] . It is well-known (see, for instance [5, 16] ) that the EDM of a point-like nucleus in an atom is completely screened. The screening gets incomplete due to the finite size of the nucleus. To derive the corresponding effective CP odd interaction, we expand the Coulomb atomic potential energy −e 2 /|R − r p | in the proton coordinate r p . We need first of all the odd terms of this expansion [(r p ∇) + 1 6 (r p ∇) 3 ] e 2 R .
Odd powers of r p survive after averaging over the nuclear wave function only due to the CP odd admixture in it. We are not interested now in the CP odd octupole interaction. So, omitting an octupole contribution from the second term in this expansion, we obtain (r p ∇) e 2 R − 2πe 2 5 r 2 p (r p ∇) δ(R) .
Now, even terms in the expansion of −e 2 /|R − r p | − [1 + 1 2 (r p ∇) 2 ] e 2 R , after averaging (r p ∇) 2 over the nuclear wave function, produce the normal CP even atomic potential
Let us substitute −U(R) + (2πe 2 /3) r 2 p δ(r) for e 2 /R in formula (46). The term −(r p ∇)U(R) arising in this way produces no observable effects, being totally screened (see, for instance, [5, 16] ). Thus we arrive at the following effective CP odd interaction in an atom:
Now we have to take the expectation value of this interaction over the deuteron wave function. In the naive ZRA, where ψ 0 (r) = ψ (0) 0 (r), this expectation value vanishes [15] . But it does not vanish with the wave function (41). The vector coefficient at −e∇ δ(R) in the resulting expression is the so-called Schiff moment (SM) S. Thus obtained deuteron SM is S = 1.7 × 10 −3 egg 1 m π κ 2 I .
Due to the strong cancellation between the contributions to S from the two terms in (48), the accuracy of the numerical coefficient here is not high. On the other hand, the numerical suppression resulting from this cancellation, is compensated for by the factor 1/κ 2 = 19 fm 2 , which is large on the nuclear scale. 
